Abstract-A large volume of research has been done to analyze commutatorless dc motors using salient-pole synchronous-type machines. These studies have not resulted in clear design-oriented expressions relating performance to machine geometry. The development of designoriented algebraic expressions of machine performance measures in terms of machine inductances is described. Speed independent equations for commutation angle, commutating current, critical angle, safety angle, average and instantaneous torques, and instantaneous damper currents are developed. Shunt-and series-type machines are analyzed, and numerical examples of both are included.
I. INTRODUCTION COMMUTATORLESS dc motors using synchronous-type machines have been studied over 40 years [11 . The system uses a machine that is built like a conventional polyphase synchronous motor, and it is interfaced to a dc power supply by a variable-frequency static inverter which switches the power to the appropriate stator windings of the machine. Inverter switching is controlled by signals from a rotor position sensor or an induced-voltage sensor. When a rotor position sensor is used, the combination of sensor and inverter replaces the commutator of conventional dc machines.
Inverter switching is essentially controlled by rotor position, and the time the rotor is at a particular position and the inverter frequency are functions of the motor speed. Thus the machine itself is the controller, much the same as a conventional dc motor.
The development of silicon-controlled rectifiers (SCR's) produced renewed interest in synchronous-type machines used as commutatorless dc motors during the early 1960's [21, [3] . In 1964 Sato [4] published his work, and since that time considerable advancements have been made in the theory, development, and application of commutatorless dc motors. An important consideration for system performance is the permissible conduction period of the main SCR's. This conduction period can be fixed at any interval from less than 90 to 180 electrical degrees, but it is particularly advantageous to fix the interval at 120 or 180 electrical degree intervals [5] -
The commutation zones of conventional dc motors are fixed by machine geometry. However, inverter-fed motors are electrically commutated by forcing the current to zero in the conducting SCR's. of auxiliary commnutation devices in the inverter circuit, or by the back electromotive force (EMF) of the synchronoustype motor. The former method reqtuires special logic to control the auxiliary devices, but the commutation zone can be held to acceptable limits. The latter method, called natural commutation, has a load-dependent commutation zone since the motor back EMF is a function of the load current.
The synchronous-type machine, when used as a commutatorless dc motor, can be of either the series (field current proportional to line current) or shunt (field current independent of line current) type. Series-type machines using natural commutation have been shown to have constant commutation zones for varying load conditions [6] . Shunt-type machines using natural commutation exhibit increasing commutation zones for increasing loads. This increase continues to the point where commutation is no longer possible, and the machine exhibits commutation failure [4] . The shunttype commutatorless motor has limited overload capacity when compared to the series-type machine. A large volume of research has been done to analyze the synchronous-type commutatorless dc motors; however, the major part of this work has emphasized the electronics of the inverter circuits. These studies have not developed clear design-oriented relationships of machine performance in terms of the winding parameters that can be used by the machine designer.
This paper presents the development of semi-explicit design-oriented algebraic relationships in terms of the machine winding inductances. The method developed by Franklin [71 is extended to the commutatorless dc motor using a salient-pole synchronous-type machine and a 120 electrical degree square-wave inverter. Inductance, rather than the reactance concept, is used to develop speed independent equations for commutation angle, commutating current, critical angle, instantaneous torques, and the safety angle.
Equations are developed for shunt-and series-type machines with damper windings. The comnmutating inductance is identified. A numerical example for both shunt-and seriestype machines is included to illustrate the performance characteristics described by the equations. Fig. 1 Fig. 2 . The positive A-phase and negative B-phase SCR's are now the only ones conducting, and a dc current of magnitude IL is present in the A-and B-phase stator windings. This is the conduction interval, and it extends from the angle ,3 + ,u-7r/3 to the angle ,B.
II. DESCRIPTION OF SYSTEM
The commutation interval starts at the angle (3 where a gating signal is applied to the negative C-phase SCR. The SCR's are assumed ideal switches, and the C-phase voltage at angle (3 is positive with respect to the negative side of the battery, the SCR begins to conduct instantaneously, and forces the B-and C-phase terminal voltages to be equal. The C-phase current, which is the commutating current ik in this particular interval, now starts to increase toward the value IL. Current in the B phase decreases in proportion to the increase of C-phase current. The rate of change of the B-and C-phase currents induces a voltage in phase B, which reverse biases the negative B-phase SCR. This SCR can now be commutated when the B-phase current becomes zero. The angular distance the rotor travels while the B-phase current decreases to zero is the commutation interval measured by the commutation angle p in electrical degrees. Therefore, the negative B-phase SCR is commutated at angle (3 + p by the induced phase voltage, or back EMF, of the machine, and natural commutation has been completed. The C-phase current is now the line current IL.
There are two criteria that must be satisfied for successful commutation. Restricting analysis to the commutation interval shown in Fig. 2 , the first criterion is that commutation must be achieved before the induced B-phase voltage becomes more positive than the induced C-phase voltage. If this criterion is not met, the commutating current ik will reverse when the potential reverses, and the B-phase current will not go to zero. Thus the negative B-phase SCR will not be commutated.
The next SCR to be gated, at angle : + ir/3, is the positive B-phase SCR. Since the negative B-phase SCR has not been commutated, gating of the positive B-phase SCR creates a short circuit across the stator terminals, and commutation failure results. The second criterion for successful commutation is that the commutation angle p cannot exceed 60 electrical degrees. From Commutation failure occurs whenz the safety angle y becomes zero or negative.
Comnmutatorless dc motors using synchronous-type machines and square-wave inverters do not operate in the conventional phase balanced synchronous manner. A synchronous motor operated from a symmetrical three-phase source develops a synchronously rotating MMF in the stator if only the first harmonic is considered. The 120 degree inverter-fed machine develops a discontinous MMF [81. During the conduction interval, between (3 + ,u-ir/3 and ,B in Fig. 2 2) The dc input current IL is assumed to be ripple free.
This requires the use of a smoothing choke.
3) Only the first stator and rotor MMF harmonics and the first two saliency permeance harmnonics are considered.
4) The magnetic circuit is linear and all inductainces are independent of saturation of the main flux path, leakage flux path, or load current.
5) The damper winding is represented as two asymmetrical windings [71.
6) The inechanical momnent of inertia is assumed to be so large that the motor speed is constant at a given operating point. 7 ) Mutual coupling inductance between stator phases is 50 percent of the single-phase leakage inductance and is independent of the rotor position. 8) Eddy current effects are neglected.
9) The external inductance of the field current source is included in the field leakage inductance.
10) Iron losses are neglected. I 1) A gating signal for the SCR's is automatically available at the angle (. IL is the independent variable. The symbol 0 represents angular displacement of the rotor in electrical degrees unless specifically defined by subscripts. Actual derivations begin with the definition of matrices and basic relationships followed by development of equations for the instantaneous rotor currents, rotor speed, commutating current, commutation angle, critical angle, and instantaneous torque.
A. Definition ofMatrices and Basic Relationships
The inductance matrix shown in Fig. 3 
(2) Substituting (4) into (6) yields, for the entire 60 degree region,
The flux interlinkage matrix is defined for the entire 60 degree region (3 + u-7r/3 < 0 < (3 + ,:
Xd _xq_
Induced voltages across each winding are described by the voltage matrix. The voltages Vf, Vd, and Vq are zero since all resistances are neglected and the windings are considered short-circuited: Equation (8) Equation (40) Equations (29) and (30) The commutation angle p is found by evaluating (42) at the angle (3 + ±u). By definition, the commutating current ik equals the line current IL at the angle at which commutation is achieved. After some trigonometric transformations (38) and rearranging of terms Referring to Fig. 2 , it can be seen that the critical angle 4 is in the region ( + p < 4 <( + ,u + rT/3. Since commutation from phase B to phase C has been completed, and commutation from phase A to phase B has not been initiated prior to angle 4, a new current matrix is defined: 
The terms W and V are exactly those defined by (23) (4) and (10) Using (2) and (3) and applying the boundary conditions to expand (60) yields The machine was analyzed as both a series-and shunt-type motor. Source voltage was set at 250 V, and the line current was adjusted so the ratio ILIILR changed in increments of 0.2. As a shunt-type motor, the field current was fixed at 45.3 A. The ratio It/IL was held constant when analyzing the series-type motor. Fig. 4 shows the commutation angle p as a function of the line current. The shunt-type motor was unable to achieve commutation when the current ratio exceeded 1. current ratio was increased in increments of 0.2, the curve shows that commutation failure occured between 1.2 and 1.4. The critical angle 4 is shown in Fig. 5 . Of particular interest is the shift of 4 with respect to the A-phase centerline 0 = 0 as the line current, or load, increases for the shunt-type motor. This is, of course, indicating the load-related phase shift between the terminal voltage and field generated EMF of the synchronous machine. A similar shift does not occur in the series-type motor as the net air gap MMF remains constant over the load range.
Rotor speed as a function of the line current is shown in Fig. 6 . These curves clearly reflect the typical characteristics of dc motors. As expected from (40), removing the load from the series-type motor causes the speed to increase toward infinity. Fig. 7 shows average torque as a function of line current. These curves also show a close resemblance to those of conventional dc motors.
VIII. CONCLUSION Semi-explicit design-oriented algebraic equations that describe the performance characteristics of commutatorless dc motors in terms of the actual winding inductances have been developed. The use of actual inductances instead of the reactance concept has enabled the development of speed independent equations for some of the important performance 
